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X. The Effect produced by an Obstacle on a Train of Electric Waves. 



By Prof. H. M. Macdonald, F.R.S., University of Aberdeen. 
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Integkals of the equations of propagation of electric disturbances in terms of the 
electric and magnetic forces tangential to any surface enclosing the sources of the 
disturbances have been already obtained. # It is proposed in what follows to apply 
these expressions to obtain the effect of an obstacle on a train of electric waves. The 
effect of the obstacle can be represented by a distribution of sources throughout the 
space occupied by the obstacle, and the determination of this distribution or, as 
appears from the investigation referred to above, the determination of the electric 
and magnetic forces tangential to the surface of the obstacle due to this distribution 
of sources, constitutes the solution of the problem. If X', Y\ Z', a', fi\ y f denote the 
components of the electric and magnetic forces respectively at the point £, 77, £ on the 
surface of the obstacle due to the distribution of sources inside it which represents its 
effect, X'u Y'i, Z\, a' 1} j3' u y\ denote the values of these quantities when t—r/V is 
substituted for t, where V is the velocity of propagation of the disturbances, and 
r = {(x~ £) 2 + (y— r]) 2 +(z— £) 2 } 1/2 is the distance of any point x, y, z from the point 
£, 77, £, and I, m, n are the direction cosines of the normal to the surface at the point 
£, 77, £ drawn into the space external to the obstacle, the components of the magnetic 
force at any point outside the obstacle due to the obstacle are given by 
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and the components of the electric force at the point x, y, z are given by 
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and the integrations are taken over the surface of the obstacle. The quantities 

a, /3, y are the components of the electric current distribution on the surface which 
would produce the tangential magnetic force on the surface due to the distribution of 

sources inside it, and the quantities X, Y, Z are the components of the magnetic 
current distribution on the surface which would produce the tangential electric force 
on the surface due to the distribution of sources inside it. The waves incident on the 
surface can be represented as the effect of a distribution of Hertzian oscillators, and 
it will therefore be sufficient to consider the effect of a Hertzian oscillator situated at 
a point, O, outside the surface and emitting waves of a definite wave-length, 2tt/k. 
Now, the conditions to be satisfied at the surface of the obstacle are linear relations 
involving the components of the electric and magnetic forces, and therefore the 
integrands in the above expressions for X, Y, Z, a, /J, y will each contain the factor 
e -uc(r+2«r') w ]2 ere r {$ the distance of the point (x, y, z) from the point (f, t?, £) on the 
surface, and the quantities r f are other distances. The remaining factors of the 
integrands will be non-oscillatory unless the surface has corrugations on it, for which 
the interval between successive corrugations is comparable with the wave-length 2tt/k 
of the oscillations. The principal parts of the expressions for X, Y, Z, a, /J, y are 
therefore contributed by the portion or portions of the surface in the neighbourhood 
of the point or points for which r-f-Ser' is stationary. If the wave-length of the 
oscillations is small compared with both principal radii of curvature of the surface at 
a point at which r + Ser' is stationary, the corresponding principal parts of X, Y, Z, 
a, /3, y are the same for a point, P, very near to this point Q on the surface as if the 
point Q were situated on a plane surface. Hence the principal parts of X, Y, Z, 
a, /3, y at points on the surface are related to the principal parts of the components 
of the electric and magnetic forces in the incident waves in the same way as if the 
surface were plane, but it should be observed that the incident waves to be taken 



AN OBSTACLE ON A TKAIN OF ELECTEIC WAVES. 301 

into account may include waves due to the obstacle in addition to the waves due to 
the external oscillator. The electric and magnetic current distributions to be assumed 
on the surface of the obstacle are then the same at each point of the surface as if that 
point were on an infinite plane surface coinciding with the tangent plane to the 
surface of the obstacle at the point, and the principal parts of X, Y, Z, a, )3, y at any 
point as, y, z determined on this assumption are the leading terms in the asymptotic 
expressions for these quantities. 

A Perfectly Conducting Obstacle. 

When the obstacle is a perfect conductor the condition to be satisfied at the surface 
is that the electric force tangential to the surface vanishes ; it follows from the above 
that the principal part of the effect of the obstacle is obtained by assuming an electric 
current distribution on the parts of the surface on which waves are incident which is 
double the electric current distribution that would produce the magnetic force 
tangential to the surface in the incident waves, a zero electric current distribution on 
the parts of the surface on which no waves are incident, and a zero magnetic current 
distribution on all parts of the surface. 

Taking first the case where the perfectly conducting obstacle is a convex solid, the 
waves incident on any part of the surface are due to the oscillator outside it, and, if 
M is the electric current distribution at any point on the surface which would produce 
the magnetic force tangential to the surface in the incident waves, the electric current 
distribution to be assumed at this point is 2M, if the point is on the part of the 
surface of the obstacle next the oscillator, and zero if it is on the part of the surface 
remote from the oscillator. 

Let the origin of the co-ordinates be at the point O, the axis of the oscillator being 
the axis of z. The components of the magnetic force (a ; , /3 ; , y') at the point (£, 77, £) 
due to the oscillator are given by 
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where 

If Z, m, n are the direction cosines of the outward drawn normal to the surface at 
the point (£, 77, £) on it, the components of the electric current distribution M which 
would produce the magnetic force tangential to the surface are 

my'—nft, nol—ty, lfi'—ma\ 

and the above hypothesis is equivalent to assuming an electric current distribution on 
the parts of the surface on which waves are incident whose components are 

2(m</-n/3 / )> 2(W-Z/), 2(ip-m*'), 
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a zero electric current distribution on the parts of the surface in the geometrical 
shadow, and a zero magnetic current distribution on all parts of the surface. The 
components of the magnetic force at the point (x, y y z) due to this distribution are 
by the above 
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and the integration is taken over the portion of the surface on which waves from the 
oscillator are incident. Now 



f _ K7] 



g e tK(Vt-i\-r) 



«1 = 



Vr x 3r x r x 



# 



Vr 2 3rj 1\ 



r i = o, 



whence 



- 2k n£ 3 e lK(v ^ ri - r) - 2k wij 3 e l « (V ^~ r) 



V rj 3tx t*i 



V r x 3r x r 3 



y = 



2Klg+mr) 3 e tK(Vi 



-n-r) 



V 



r. 



3r x 



r\ 



and therefore 



a = 



K 



£ = 



2ttVJ 



/C 



y—rjl^+mr) z — ^nr] 

. -{- — _ _ 



r, 



^2 ^(Vf-r^r) 



e' 



7* ^ij drd?\ rr } 



dS, 



2ttY1 



-r — — — 



r r. 



r 



r, 



drd?\ 



y = 



{ 



irV J J T7\ drdr x rr x 



^2 e i K (Vt-r,~r) 



rr 



dS 9 



2ttV 



The principal parts of these integrals are contributed by the elements near to the 
point for which the exponent of e~ lK{ri+r) is stationary, that is, by the portion of the 
surface in the immediate neighbourhood of the point for which r x + r is stationary. 
The conducting surface being convex towards the point O, at which the oscillator is, 
if the point P (as, y 9 z) is external to the tangent cone drawn from the point to the 
conducting surface or internal to the tangent cone and on the same side of the 
conducting surface as the point O, the point for which r x + r is stationary is the point 
of contact Q of a prolate spheroid which has the points and P as foci and touches 
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the conducting surface, and, if the point P is internal to the tangent cone from O to 
the conducting surface and on the side of the conducting surface remote from the 
point ? the point for which r x + r is stationary is the point at which the straight line 
OP cuts the conducting surface nearest to the point O. The values of the principal 
parts of a, ft, y are therefore a , ft , y , where 

3T 

«o = ~y {(J£o+ww?o+»&) (y-v*)+ n foo*-&y)} e" v 7R 2 Ri 2 , 

To = - ^ n (^- 6#) e^'/BW, 

where (£ , 770, £ ) are the co-ordinates of the point Q for which r x + r is stationary, 
l 9 m, n now denote the direction cosines of the outward drawn normal to the surface 
at the point Q, I is the principal value of the integral 

and 

To calculate the value of I, it is convenient to choose for axes of reference the 
normal to the surface at the point Q (f , rj , £ ) as the axis of £, the tangent to the 
surface in the plane of incidence as the axis of f, and the perpendicular tangent as 
the axis of 77. Let the equation of the surface referred to these axes be 

let (x u 0, z x ) be the co-ordinates of the point 0, and let (x 2> y 2> h) be the co-ordinates 
of the point P referred to these axes, then 

and further 

fi-jS = (^ r -x 1 ) + (C-Zi)(A^+Hi 7 + ...), 

r % = (£-<**) + (£-«*) (Af+Hq +...), 

n^ 1 = >7+(C-2 1 )(W+B> ? +...), 

r g£ =ij-y,+(£-«,)(H£+Bi7+...). 
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Now, r x + r is stationary at the point Q for which 

therefore 
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In this result the upper sign corresponds to the case where the point P is external 
to the tangent cone from the point to the surface, or inside the tangent cone and 
on the same side of the surface as the point ; the lower sign corresponds to the 
case where the point P is inside the tangent cone and on the side of the surface 
remote from the point O, and in this case the point Q lies on the straight line OP. 
Considering first the case where OQP is a straight line, writing 

x x = — R 2 sin <j6, z 1 = — R a cos <f> 9 

it follows from the relations 
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the remaining terms involving higher powers of £ and 77. 

Now 
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where the integral is taken throughout the area bounded by the projection on the 
tangent plane at Q to the conducting surface of the curve of contact of the tangent 
cone from the point O to the conducting surface. Hence the value of the principal 
part of 
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is the principal part of the integral 



e-uc^+B) j , | e -v 3 ^(^cos^ + , 2 )(R 1 » 1+ K~i )+ ... v /{i + (Af+Hi ? + .) 2 +(Hf+Br ? + .) 2 } df efy, 



that is, writing 



it follows that 



*£ = £'> *"7 = *>/> 



— .^-2 



I = K 



00 /»00 



^-^(Ri+R)- A (^eos^ + ^XR^+R- 1 ) ^£/ ^ / 



00 */ — Qo 



provided that the point Q, in which OP cuts the conducting surface, is not near to 
the curve of contact of the tangent cone from O to the surface with the surface. 
Evaluating the above integral, the value of I is given by 
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Again, the components of the magnetic force at the point P due to the oscillator are 
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hence, to the order of approximation adopted, the components of the total magnetic 
force at the point P are given by 
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that is, the principal part of the magnetic force vanishes at all points inside the 
tangent cone from the point to the surface which are on the side of the surface 
remote from and not near to the boundary of the tangent cone. The principal part 
of the electric force also vanishes for these points, and therefore the surface condition, 
that the electric force tangential to the surface vanishes, is satisfied for points on the 
portion of the conducting surface remote from inside the tangent cone and not near 
to the curve of contact of the tangent cone with the surface. 

When the point P is external to the tangent cone or inside the tangent cone on the 
same side of the conducting surface as the point 0, the relations to be satisfied are 

x 1 /R l + x 2 /Tl = 0, Zi/R*— £ 2 /R = 0, 
and, as above, writing 

x Y = — Ri sin <£, % Y = — R 2 cos </>, 
it follows that 

x 2 = R sin <£, y 2 =0, z 2 = — R cos <f>, 
and 

o\ = I^ + ^sin (£ + £cos (/> + -|(f 2 cos 2 (/) + ^ 2 )/R 1 +..., 

r = R— $ sin (£ + £ cos <£ + |-(f 2 cos 2 (£ + 7? 2 )/R..., 
whence 

n + r = R! + R + i(f cos 2 ^ + i ? 2 )(E 1 - 1 + E" 1 ) + 2£ cos <£..., 
that is, 

n + r - R 1 + R+ if {(R^ + K" 1 ) cos 2 <£ + 2A cos <f>} + 2H cos ^ 

+ i^ 2 {Rr 1 + R~ 1 + 2B cos <£} + .... 
Writing 

£ = £i cos 0— 171 sin #, ^ — f i sin # + 771 cos 0, 
and choosing # so that the coefficient of g l9 tj x vanishes, 6 is given by 

cot 20 = {2 (A-B) cos ^-(Kr' + R' 1 ) sin 2 <£}/4Hcos <£, 
and 

n + r = R 1 + R+i(A 1 f 1 2 +B 1 7 ?1 2 )+..., 
where 

A 1 + B 1 = (R 1 ~ 1 i-R- 1 )(l+cos 2 (/>) + 2(A+B)cos(/>, 
A 4 B ; = (R^ + R- 1 ) 2 cos 2 <£ + 2 (Rr 1 -* R" 1 ) (A+B cos 2 cf>) cos <£ + 4 (AB-H 2 ) cos 2 <£. 
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Now 

AxBx = {(Rr' + R" 1 ) cos (/> + A + B cos 2 (/>} 2 -(A~B cos 2 <£) 2 -4H 2 cos 2 <£, 

and writing 

A— B cos 2 <f) = 2H cos <J> cot 2i//, 

this becomes 

aa = cos 2 4, (R-'-fr) (R- 1 -/,- 1 ), 

where 

(Rr^/r 1 ) cos <£ + A+B cos 2 (/>— 2H cos <£ cosec 2i// = 0, 

(Rr^/a" 1 ) cos ^ + A + B cos 2 (£ + 2H cos <£ cosec 2i// = 0, 
and 

2H = (/r 1 -/r 1 )sin^rcos^ 

Rr 1 + cos 2 i//// 1 + sin 2 i//// 2 + 2Bcos <f> = 0, 
R^ + sin 2 i/z/Zi + cos 2 i//// 2 + 2A sec <f> = 0, 

cot 20 = {(/^-R- 1 ) (cos 2 i//-sin 2 i//cos 2 <£) 

+ (/ 2 ~ 1 -R~ 1 ) (sin 2 1//- cos 2 1// cos 2 <£)} /(/r 1 -./^ 1 ) sin 2 1// cos <£. 

The value of the principal part of the integral 
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and therefore the principal parts of the components of the magnetic force at the point 
(x, y, z) due to the surface distribution are given by 
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Writing 

(a?-f )/R = K (y-ij )/R = ^ (»-&)/R = * 3 , 

it follows that 

Vkx + miLx + nvi — — cos<£, 

and the relations satisfied at the point Q are equivalent to 

\ 2 = X 1 + 2Z cos <£, /x 2 = [i x + 2m cos <£, z> 2 = ^ + 2n cos <£, 

whence the above values of a , /3 , y may be written 

a = ^(E- 1 -/ 1 - 1 )- 1 /»(B- 1 -/rT 1/ielc(V *" Bl '" B) {ft2+2w(mv 1 -n / £ 1 )}/ER 1 , 
ft = ^ 2 (R- 1 -/r 1 )- 1/2 (R" 1 -/ 2 " 1 )~ V2 ^ K(V ^" R) {-X,+2n(nX 1 -i Fl )}/REi, 
7o = ^(E-^^-^^^R- 1 -/^ 1 )" 1 ^-^-^-^ {2^i (Z^-mX^/RR^ 

The principal parts of the components of the electric force at the point (x, y, z) due 
to the surface distribution are therefore given by 

X = -^(R- 1 -/ 1 TM R " 1 -/rT 1/ie "^" B) {v 1 \ 1 + 2v 1 lcos<f> + 2nl}fREi l9 
Y = -^(E-^/r 1 )" 172 ^" 1 -^" 1 )" 1 ^"^ 111 "^ {/x 1 ^ 1 + 2z, 1 mcos^ + 2m^}/EE 1? 

z = -iit^-f^y^^-ff 1 )-^ 

and, writing 

x = Xr, i/ = jitr, 2; = *>r, 
where 

r 2 = x 2 +y 2 -\-z 2 , 

the principal parts of the components of the electric force at the point (x, y, z) due to 
the oscillator are 

ikVX e" {vt - r) fr, LK 2 fxv e"W- r) /r 9 - lk 2 (X 2 + /* 2 ) e^ Yt - r) jr ; 

therefore the principal parts of the components of the total electric force at the point 
(x, y, z) are given by 

X = lk 2 v\ e^ Yt - r) /r-LK 2 (E-^/r 1 )^ 2 (R" 1 -^" 1 )" 72 ^^- R - R) 

{v 1 \ 1 + 2vil cos <jf>4-2n/}/RR l5 

Y = i/c> e^ Yt - r) /r- lk 2 (R-^/r 1 ) -72 (R- 1 -^" 1 )" 172 e^«-^ 

{/-H^i + 2v l m cos <jf> + 2wm}/RR 1 , 

Z = -ik 2 (X 2 +/* 2 ) e-^/r-uc 2 (R-^/r 1 )- 172 (R" 1 -/*" 1 ):* e" (V <~ R - R > 

{ -Xi 2 — /x! 2 + 2^n cos <£ + 2n 2 }/RR 1 . 
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When the point P is on the surface of the conductor, 

B, = 0, r = Rx, X = \ l9 fi = fi l9 v = v l9 

and therefore the principal parts of the components of the electric force at a point on 
the surface are given by 

X = -2uc 2 / (^ cos <f> + n) e^'-^/R,, 

Y = -2^m(v 1 coB<j} + n)e uc(yt -^/B ll9 

Z - -2lk 2 u {v x cos <f> + n) e" K{yt -^/R l9 

hence the principal part of the electric force at a point on the surface is normal to the 
surface, and therefore the principal part of the electric force satisfies the condition 
that the electric force tangential to the surface vanishes. It follows from this that 
the principal parts of the components of the magnetic and electric forces at points not 
near to the boundary of the geometrical shadow are those given above. 

To find the region within which the point P lies when the above values cease to 
represent the principal parts of the components of the magnetic and electric forces 
due to the obstacle, it is necessary to find the order of the terms neglected by taking 
the limits of the integral representing the principal part of the integral 

e~^ +r) dS 

to be infinite. In the evaluation of I this integral was replaced by an integral taken 
throughout the area enclosed by the curve which is the projection on the tangent 
plane at the point Q of the curve of contact of the tangent cone from the point to 
the surface of the obstacle with this surface. The actual limits of the integral 



[L-iW^*+rt<*-w-*)d€' dq' 



are quantities of the order k(L or quantities of higher order, where d is the least 
distance of the point Q from the boundary of the curve throughout whose area the 
integration is taken ; hence the part of the integral neglected by taking the limits to 
be iu finite is at most of the order (fc^ 2 /Ri + ^ 2 /^)™ V2 compared with the part retained, 
when the point P is inside the tangent cone from the point O to the surface of the 
obstacle and on the side of the surface remote from the point O. Again, when the 
point P is outside the tangent cone from the point O to the surface, the actual limits 
of the corresponding integral are also quantities of the order nd or quantities of a 
higher order, and therefore, since A + B and AB — H 2 are booh positive, the part of 
the integral neglected by taking the limits to be infinite is at most of the order 
(/cd^/R^ /ce£ 2 /R)~~ 1/2 compared with the part retained. The region within which the 
point P lies when the values obtained above for the principal parts of the magnetic 
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and electric forces cease to represent them is determined by the condition that the 
point Q related to the point P in the manner already defined is so close to the curve 
of contact of the tangent cone from the point to the surface of the obstacle with 
the surface that the quantity (k^/^ + k^/IV) ~ 1/2 is a quantity of the order of unity or 
of a higher order. 

When the point P is sufficiently distant from the surface of the tangent cone from 
the point to the surface of the obstacle, the limits of the integral may be taken to 
be infinite, and the order of the difference between the components of the actual 
magnetic and electric forces due to the obstacle and the components of the magnetic 
and electric forces due to the assumed electric current distribution may be obtained 
as follows. In the exponent of e~ lKiTl+r) the terms up to and including those of the 
fourth degree in f and rj must be retained, and in the other factors of the integrands 
the terms up to and including the terms of the second degree in f and rj must be 
retained ; this requires that in the equation to the surface 

terms up to and including the terms of the fourth degree in f and 77 are retained, and 
the resulting integrals are now of the form 



\ \(9o+gi +#2+ Kg z + Kg,) e-w^+Wdg d v , 



where g n denotes a homogeneous function of £ 77 of degree n. The terms of odd 
degree in £, r) contribute zero to the result and the integral is equal to 

(go + 92 + *g*) e ~ 1/2LK (Ai|2+IW) dt- d v . 

Now, if the conducting surface were the infinite plane coinciding with the tangent 
plane at the point Q to the surface of the obstacle, the corresponding integral would 
be 

r \g + g' 2 + K g f ,) e~^ K ^ 2+B '^ d$ d v , 

where this integral is equal to the value of the preceding integral when the quantities 
A, B, H, &c, in the equation to the surface are made zero. Further, for the surface 
£ = 0, the condition that the tangential electric force due to the assumed electric 
current distribution vanishes at the surface is accurately satisfied, and therefore the 
principal part of the electric force tangential to the surface of the obstacle at the 
point Q is the value at Q of the principal part of an integral of the form 

[[[(#> + 92 + k 9 ,) <r v- ca^+b^ _ ^ + ^ + ^ e ~ v,« (**+ b w> d % dy]y 
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which vanishes when A, B, H, &c., vanish, and hence is at most of the order (k/o)~\ 
where p is the least radius of curvature of the surface at the point Q, it being assumed 

that the values of £ ^~ , £ 2 ^~ , and the similar quantities in the immediate 

neighbourhood of the point Q are not of an order higher than p~\ Therefore the 
difference between the components of the actual magnetic and electric forces due to 
the obstacle at the point P, not near to the surface of the tangent cone from the 
point O to the surface of the obstacle, and the components of the magnetic and 
electric forces due to the assumed electric current distribution on the surface of the 
obstacle is at most of the order (fc/>)~\ where p is the least radius of curvature of the 
surface at the point Q, which is related to the point P in the manner already 
defined. # 

It has been shown above that the principal parts of the components of the 
magnetic force due to the assumed electric current distribution on the surface of the 
obstacle are 



y 
V 

LK 2 






in these expressions the quantities f u f 2 are both negative, since A + B and AB— H 2 
are both positive, hence when the obstacle is a convex solid the principal parts of the 
components of the magnetic force in the reflected waves are given at all points P not 
near to the surface of the tangent cone from the point O to the surface of the 
obstacle by the above expressions which are everywhere finite. The points for which 
B, — /*!, B— f 2 vanish are situated on the line PQ produced and determine the 
positions of virtual focal lines ; the directions of these focal lines are given by 

tan 9 = tan i// sec </>, when B = f l9 

and by 

tan = tan \fj cos <f>, when B = f 2 . 

If the obstacle is not a convex solid, provided that there is no point P on its 
surface such that a prolate spheroid whose foci are the points O and P can be drawn 
to touch the surface of the obstacle, the same analysis applies, but, P being now a 
point not on the surface of the obstacle, if the surface is concave towards O and P at 

* The value of the principal parts of these differences can be obtained by placing on the surface of the 
obstacle an electric current distribution of order (*<p)~ l which will balance the unbalanced tangential 
electric force of this order. 
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the point Q (£ , r) , Co) determined as before, the points P 1? P 2 on the straight line QP 
for which R — f x or 'R—f 2 vanish are both external to the surface of the obstacle if 

A + B cos 2 <}> + cos (^/Ri 

is negative, for then f x and f 2 are both positive. The principal parts of the magnetic 
force in the reflected waves given by the above expressions tend towards infinite 
values as either of the points P l5 P 2 is approached, and the points P 1? P 2 now 
determine the positions of actual focal lines whose directions are given by 

tan = tan \}j sec cf>, R = f u 
tan = tan xp cos <f> 9 R = f 2 . 

The principal parts of the components of the magnetic force were evaluated above 
on the assumption that R _1 — f{~ 1 , 1 &~~ l — f 2 ~ 1 were both finite; if either of these 
quantities is very small, some of the terms neglected in that evaluation are of the 
same order as those retained, and it is necessary to calculate the principal part of the 
magnetic force taking account of these terms. In the equation of the surface in the 
neighbourhood of the point Q (£ , y) Q , £ ) the terms of the third order must be retained 
and the equation to the surface with Q as origin of co-ordinates and the same axes of 
reference as formerly is now 

i = i(AP+2H^ + B7 ? 2 ) + i(CP+3Lf7 ? + 3Mf7 ? 2 +D^). 

The value of r x + r is now given by 

r 1 + r = R 1 + R+i(A^+2H^ + BV) + i(C^+3Uf7 ? + 3M^ 2 +DV) 
where 

A ; - (E 1 - 1 + R" 1 )cos a ^ + 2Acos^, B' = (R 1 - 1 + R- 1 ) + 2Bcos^, H'= 2Hcosc/>, 
, C = 2C cos <£ 4- 3A sin <j> cos <f> (R^-Rr 1 ) + 3 sin $ cos 2 <f> (l/R 2 - lfRf), 
1/ = 2L eos(£ + 2H sin<£ cos<£ (R _1 — Rr 1 ), 
M ; - 2M eos<£+Bsin<£ cos^(R~ 1 -R 1 " 1 ) + siii^(l/R 3 -l/R 1 2 ), 
D ; — 2D cos <f>. 

At the point P 1? for which R =/i, these relations become 

A' = K cos 2 (f> cos 2 1//, B ; = K sin 2 xf;, H 7 = K sin \}j cos xfj cos <f>, &c, 

where 

j\ —J* = -&> 

and, turning the axes of £ and t? through the angle given by tan = tan \jj sec <£, 
Tx-f r is given by 
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where 

A x — K (cos 2 ff> cos 2 r// + sin 2 1//), B x = 0, 

D x = [2cosc/)( — Csin 3 i/; + 3Lsin 2 i//cos<£cosi// + — 3Msmi|/cos 2 (^cos 2 t/i + Dcos 3 ^cos 3 i//) 

+ f (1/Ri 2 — l/R 2 )smi//sin<£cos 2 <£] x (cos 2 <^cos 2 i// + sm 2 ^)~ 3/2 5 



and the principal part of the integral 



e -«c(r 1 + r) ^g 



J J 



is equal to the principal part of the integral 



that is to the integral 



g -V 2 ikA^-Vbi* (C^+aL^+SM^+D,^) ^£ ^ 



00 „ 00 



fC -2 6 ~ l K(R ] +R) 



u 



e k ,C1 e«2 J/1 d^drju 



oo 



which is equal to 



|f -8 e -«(B 1+ B) „.% (J_ A x 



— 1/, /•<» 



l k 



e 6k 2 



»i>?i 3 



<%, 



oo 



that is to 



7T 1 %- 2 6- (R ^ R) (-A 1 



-Va 






6/c< 



6/c : 



3 x V3/? 



whence 



I = 7r^/c- 5/ ^ 5 /«3- 1/6 r(|)e- tK(Rl+E)+ ? Ar 1/2 Dr V8 ? 



where Aj and D x have the values given above. Therefore at the point P x the 
principal parts of the components of the magnetic force in the reflected waves are 



given by 



13/ 



« = _ * 6^r(^) r (i) Ar v *Dr v * e lK(y( - E >- E)+ 1 cos <£ [/x 2 +2« (mv 1 -n /J i 1 )yR 1 R, 

77" V 



13/ 



£ o = _ -^ 6-'/T (1) T (£) Ar v 'Dr v * e w(V{_B, " B>+ * cos <j> [-X 3 + 2» (n^-^OJ/RiR, 



13/ 



yo = 



= - ~ 6-v.r (|) r (i) Ar'/'Dr* e <«<™- E '- E > + ? cos «£ o (z^-mx^R 



Similarly, at the point P 2 , for which R =f 29 the principal parts of the components 
of the magnetic force are given by 



is/ 



«„ = - £y e-' /6 r (I) r (1) Br'/'Cr* e" (Vt - E '- E)+ ? cos ^ [>,+ 2» (m^-^oi/RR, 



13/ 



A, = - ^ 6-'v. r (i) r (i) Brv.cr v ' 6 lK(V '- E '- E)+ 7 cos <£ [-x 3 +2» (r^-Z^j/RR, 

13/ g 

> = - ^y 6-/« r (J) r (l) Br v 'Cr v « e -«™- E >- E > + ? CO s ^ p w (z^-mxoi/RR, 
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where 

B x = — K (sin 2 1// cos 2 <f> + cos 2 i//), 

d = [2 cos <f> (C cos 3 \fj + 3L sin $ cos 2 i/r cos </> + 3M sin 2 \jj cos i/r cos 2 <j> + D sin 3 i// cos 3 <£) 

+ § (1/R 2 - 1/Ri 2 ) sin <f> cos 2 <£ cos i//] [cos 2 1// + sin 2 1// cos 2 </>]~ 8/ ' 2 . 

From these results it follows that the intensity of the reflected waves at a point 
on a caustic is of a higher order than at an ordinary point, the ratio of the two 
intensities depending on X~ 1/a , where X is the wave-length of the waves. In the above 
investigation it has been assumed that, when R = f u J) x and A x are finite, and that, 
when R = f 2 , C 1 and B x are finite ; if, when R = f l9 A x is finite and D x vanishes, 
terms of the fourth order must be retained and the ratio of the intensity at such a 
point on a caustic to the intensity at an ordinary point depends on X" 1/2 . Similarly, 
if, when R =f 2 , Bi is finite and C x vanishes, the ratio of the intensity at the 
corresponding point on the caustic to the intensity at an ordinary point depends 
on X~ 1/2 . Further, at a point on the intersection of the two sheets of the caustic 
A x and B x vanish simultaneously and, if d and D 1 are both finite, the ratio of the 
intensity at this point to the intensity at an ordinary point depends on A~ 2/ \ The 
other cases which depend on the vanishing of more of the constants A u B 1? G u &c, 
can be similarly treated. 

At a point in the neighbourhood of the caustic either R— /i or R— f 2 is a small 
quantity; if R— f x is small and R — f 2 is not small, Bi is a small quantity and the 
value of I the principal part of the integral 



e^ K(r ^ r) dS 



is given by 



,00 „Q0 



I = /c -2 e -.K« 



that is 



+R) e't (A > 

J ~ oo J — oo 






dg dyj, 



I = K V /2 f -^- A x 

2k 



•Va 



«oo 



"rBrf 2 - AlW 



6 ™F« ^- s?^ ^e-" (Rl+R) , 



00 



or 



I = 2tt 1/2 k" 2 (^- A x 



k /37T/C 2 \ 1/3 



■\^ 6 -tK(Ri + R) 



where 



W = 



cos Itt (?-/*£) cZ£, and /x = 12^Bx 8 X- % Dr % . 





Therefore at a point in the neighbourhood of a caustic the principal parts of the 
components of the magnetic force in the reflected waves are given by 

« = -2 1 /.3 1 V v 'V- 1 ic u /«Ar IA r>r ,A We'* (Vt - El - B> -T cos (/.[/u^n^-w^j/R^, 
ft = -2 , '»3VW- 1 ^Ar 1/ 'Dr 1/l We' t(Ti - VE, -T cos <£ [-X 2 +2n (nX^)]/^, 
y = -2^3 , V-VeY- 1 K ls / 6 Ar V2 D 1 -^We" c<Vi - n '" Il) -T cos <£ [2w (^-mX,)]/^, 



AN OBSTACLE ON A TRAIN OF ELECTRIC WAVES. 



315 



where W has the value given above. When R— f 2 is small and R— f x is not small, 
the principal parts of the components of the magnetic force in the reflected waves are 
given by the corresponding expressions in which A x is replaced by B lf B x is replaced 
by A 1? and Dx is replaced by C^. At a point in the neighbourhood of the intersection 
of the two sheets of the caustic, A x and B x are both small, and the expressions for the 
principal parts of the components of the magnetic force in the reflected waves will 
contain the product of two integrals which are values of W corresponding to two 
values of fx. 

When the obstacle is of any form, if P is a point not inside the boundary of the 
geometrical shadow, there may be more than one point Q on the surface of the 
obstacle such that OQ-f QP is stationary, or there may be points Q, Q 1? Q 2 , ... Q n 
such that OQ + QQ1 + Q1Q2+ ...Q„P is stationary; in the first of these cases the 
principal parts of the components of the magnetic force in the reflected waves is the 
same for all the different points Q ; in the second case the principal parts of the 
magnetic force in the reflected waves at P is obtained by placing an electric current 
distribution on the surface in the neighbourhood of Q double that due to the 
tangential electric force from 0, an electric current distribution in the neighbourhood 
of Qx double that due to the tangential electric force arising from the current 
distribution in the neighbourhood of Q and so on. 

The magnetic and electric forces due to the assumed distribution over the surface 
of the obstacle have still to be obtained at points which are near to the boundary of 
the geometrical shadow. Taking first the case where the point P is inside the 
tangent cone from the point to the surface of the obstacle, and on the side of the 
obstacle remote from the point O, the principal parts of a, /3, y, where 



K 



a = —■ 



/3 = 



2ttV 



K 



r r x rr x 



02 elK {Yt-r x -r) 




dr dr x 



rr. 



hr dr t rr l 



dS, 



32 e LK{Vt-r x ~r) 



rfb, 



7 = 



K 

2ir?J 



n(&g-yj-) __<P_ e"' (V *- r '- r) 



have to be calculated when the limits can no longer be taken infinite for the purpose. 
As before, the principal parts of a, /3, y are given by 



_ k y-voj o _ 



K 



3 



2ttV R 



I, yo - 0, 



where I is the principal part of the integral 



^ +mi, G +»i«" (Vi -"- r) 



R 



ExE 



dS. 



2 S 2 
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Now 



f 






(3 



tK(V"£-r 1 —!r) 



E X E 



dor, 



where dcr Is the projection of the element of area dS on a plane perpendicular to the 
straight line OP ; to evaluate this Integral let the axes of reference be OP the axis 
of z, the perpendicular to OP in the plane of incidence the axis of x, and the straight 
line perpendicular to these two the axis of y. Let f, ??, £ now denote the co-ordinates 
of a point on the surface, and £, 1? £ x the co-ordinates of the point of contact R of 
the tangent from O to the surface In the plane of incidence ; the co-ordinates of the 
point P are 0, 0, R 1 + B, then 



ffe-*" <ri+,) dJa- = f 1 e-^'^dgdr] 



that is, the principal part of this integral is given by 



I 



GO cQO 



__ Qo*f — 00 



e -«(r 1+ r) fig g v _ e -«(r 1 + r) fig fy 



fi 



It has already been proved that 



00 -00 



e~ lKiri+f) dg dr) = 77 

— coJ — CO 



vfv /J. JL 



Z/ \ Oj» JLVi 



^, — C#C (lit + 11) » 



to obtain the value of the second integral 



r, 



g*+ri 2 +C, r 2 - f + t ? 2 +(R 1 + R~0 2 > 



and observing that £, £ a correspond to the lower limit of the Integral 






n = £i+ xxr (£ 3 +*? 2 ) + &c - 
r = Ri + R— £i + 



1 



therefore 



2(B x + B-£ l ) 



(f a + 7 ? 3 ) + &c., 



g-uefa+r) ^J_ «_ g~t«(Ej+R) 



li 



J £i 



e 



_i*A_ + L_^_.\ (|2 + „2) 



hence, unless the radius of curvature of the projection of the curve of contact of the 
tangent cone with the surface on the plane perpendicular to OP is a small quantity 
of the order of £, the principal part of the above integral Is given by 



K ~2 e -iK (Ei + E) f 



00 » GO 



K& j - 



e 






00 



that is, the principal part of 



& 



j 6 - t «(r 1 + r)^ (r 
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is given by 



JL\>i Tilt Jw 



where 



^n = 1 



ft /I 



+ 



.TrV^! E x + E— £ X/ 



& 



Therefore 



1 = 



i/c E t +E 



r> GC 

Ju 



whence, writing 



m r 00 
J wo 



it follows that the principal parts of the components of the magnetic force due to the 
assumed surface distribution are given by 



a = 



LK 2 e tK(Vt-R l --B) 



V E x +E R l ; ' 



A= - 



To = °- 



V R x + E ~TT° 



(1-L) : 



Now, ot', /J', y', the principal parts of the components of the magnetic force due to 
the oscillator at the point O are given by 



V(E 1 + E) 2 



.2 



V E 



/(E 1+ E) ; 



73' = 



tK 2 CC 



V(E!+E) : 



6 «c (Vi- 11,-11) __ 



^Er^ e «<v«-H>-Hy(R i + R ) j 



y = o, 



for 



x 



= s-& _y _ y-^o. 

E x +E E ' %+U' E ' 



therefore 



a = _ a '(i-L), & = ~-/3'(l~L), y - 0, 



and the principal parts of the components of the magnetic force at the point P due to 
the oscillator and the assumed surface distribution are given by 



a 



where 



= La', /3 = L/3', y = 0, 

L = 2~ 1 V / * 7rt e-'^du, 

J u n 
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2/1 , 1 
+ 



X VOM PM, 



EM, 



where X is the wave-length of the oscillations and M is the foot of the perpendicular 
from R on OP. 

When the point P is outside the tangent cone from O to the surface and near to 
the tangent cone and at a distance from greater than OR it appears that the focal 
lines as determined above are situated one of them close to the surface of the 
obstacle and the other near to the source, hence the same analysis applies as in the 
immediately preceding case, and the components of the magnetic force at P due to 
the assumed surface distribution are given by 



a< 



where 



La', /3 = --L/3', y = 0, 



L = 



•fi 



e~ lK{r > +r) d 



a 




e -«0"i + r) ^ 



and in the integral in the denominator the limits are indefinitely extended, while in 
the integral in the numerator the upper limit is — & where & denotes the perpen- 
dicular from R on OP. Evaluating the above, the value of L is given by 



r-u r® 

L = 2- /a e Um 6 -v^ 2 du = 2~ 1/2 e u " 1 e^ 1 ™ 2 du 9 

J — CO J u n 



where 



Uc 



2/1,1 
-r 



XVOM PM 



RM, 



and therefore the principal parts of the components of the magnetic force at the 
point P outside the tangent cone and near to it are given by 



a 



(l-L)a', p = (l-L)P, r = : 



where L has the value given above. 

Considering now a point P on the surface of the obstacle near to the curve ol 
contact of the tangent cone and on the side of the surface remote from O it appears 
that the principal parts of the components of the magnetic force due to the oscillator 
and the assumed surface distribution are La', L/3', 0, and there will be a corresponding 
tangential electric force involving the factor L, therefore the surface condition is not 
satisfied at such points ; the same result holds for points near the curve of contact on 
the side of the surface next O. It is therefore now necessary to determine what the 
effect of the electric current distribution on the surface which would reduce this 
unbalanced electric force to zero is. Taking first the case of a point P inside the 
tangent cone on the side of the surface of the obstacle remote from O and near to 
the boundary of the cone, with the same notation as above, the components of 
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the magnetic force at P due to the electric current distribution necessary to balance 
the unbalanced tangential electric force in the neighbourhood of the curve of contact 
of the tangent cone are, compared with the components of the magnetic force at P 
due to the oscillator, of the order 



K = 



LK 
27Tjtt 



ffg-^+rr 



^ L da. 



ere L varies from point to point of the surface. 5 * 
The integration with respect to 77 can be effected and it follows that 



K^ 



LK I LK 



•£i 



2ttE V2K, 



^v, er^i^hcll 



Let ^ denote the perpendicular from R on OP, f the perpendicular from a point P] 
on the surface on OP, then 

L = 2" 1/2 e UlTl e-VsTito du y 

J Kg 

where 



u 



2 







\AJL jaYX]^ 



BM,= 



2(a-f)^ v 



in which p denotes the radius of curvature of the normal section of the surface 
through OR, hence 

L = 2- ,/ «e'/«"ir- 1/ «ifV ,/ *(fi-0 ,/ * f e- , /»"«*-* ),/,e, W" ,/ ' do. 

Jl 



Therefore K is at most of the order 



LK 

2R 



\v« 



KV 1/4 fl 8/4 f°° 



Hi illl 



if 



v 2R 16(2/ifi) l/ 



ll \-V'M^H2pf 11 * dv. 



LK 3lKV' 



2R 16(2/>£)\ 



is of the same or higher order than unity, that is, provided R is of the same or higher 
order than (p^\) v \ if k 1 ^ is of the same or higher order than (p£i) l/ \ that is, if £ is of 
the same or higher order than p (/c/>)" 2/3 . Hence, when R is of the same or higher 
order than (/>fi) 1/2 , and & is of the same or higher order than p (k/))" 2/s , the quantity K 
is at most of the order 



KV.&VV 



/»O0 



e -V 2 t^i 3/2 (2 P ) V2 ^ 2 ^ 



which is at most of the order k" 1/2 ^ * u p y \ for i<^ k is of the same or higher order than 

* To simplify the analysis Ri is taken infinite as the result is not affected provided the oscillator is at a 
distance from the surface of the obstacle comparable with a wave-length. 



320 PEOF. H. M. MACDONALD ON THE EFFECT PBODUCED BY 

p 1/2 ; therefore, when R is of the same or higher order than (p£i) 1/2 , and ^ is of higher 
order than p (/cp)~ 2/3 , K is of lower order than unity. When R is of higher order than 
(p£i) l/ \ and £l is of the same or higher order than p (f<p)~ 9/ % the quantity K is at most 
of the order 



k'i&BT 1 '' 



00 



which is at most of the order (p£i) l/ *R>~ 1/ ' 2 9 and therefore, when R is of higher order 
than (p£i) l/ \ and £ x is of the same or higher order than p (k/o)~ 2/3 ? K is of lower order 
than unity. Hence, at a point P inside the tangent cone from O to the surface of 
the obstacle, the effect of the electric current distribution which balances the 
unbalanced tangential electric force due to the oscillator and the assumed surface 
distribution, and is on the part of the surface inside the tangent cone and remote 
from O, is of lower order than that due to the oscillator, provided that the 
perpendicular distance f x of the point of contact R of the tangent from to the 
surface in the plane of incidence is of the same or higher order than p (/cp)~ 2/s , and 
that the distance of the point P from the surface of the obstacle measured along OP 
is of higher order than p (k/o)~ 1/s , or provided that & is of higher order than p (k/>)~ 2/s , 
and the distance of P from the surface is of the same order as p (Kp)~\ In a similar 
way it may be shown that the effect of the electric current distribution on the part of 
the surface of the obstacle next the oscillator which balances the unbalanced tangential 
electric force there, due to the oscillator and the assumed surface distribution, is of 
lower order than that due to the oscillator at a point P satisfying similar conditions 
to those in the previous case. Therefore, at a point P inside the tangent cone from 
O which satisfies the above conditions the principal parts of the components of the 
magnetic and electric forces are equal to the principal parts of the components of the 
magnetic and electric forces due to the oscillator and the assumed electric current 
surface distribution. The same result holds for points P outside the tangent cone 
similarly restricted ; the region omitted in the neighbourhood of the tangent cone is 
that lying between the cone through which cuts the surface of the obstacle in a 
curve inside the tangent cone on the side of the surface next and at a distance 
from the curve of contact of the tangent cone of the order p (k/>)~ 1/3 and a surface 
touching the obstacle along this surface and generated by straight lines in the plane 
of incidence at each point of the curve. 

The principal parts of the magnetic and electric forces at points on the surface of 
the obstacle which are at a distance from the curve of contact of the tangent cone of 
order greater than p(Kp)~ 1/s can now be found. Let P be a point on the surface 
inside the tangent cone and on the side of the surface remote from 0, and let OP cut 
the surface between O and P in the point Q, then PQ is of higher order than 
p (f<p)~ 1/3 if P is at a distance along the surface from the curve of contact of the 
tangent cone which is of higher order than p (k/>)~ V3 , and therefore the effects at P of 
the surface distribution on the part of the surface inside the tangent cone and nearest 
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to O which balances the unbalanced tangential electric force there, due to the 
oscillator and the assumed surface distribution, is of lower order than that due to the 
oscillator. Further, if M is the actual magnetic force at P tangential to the surface, 
the magnetic force at P due to the distribution in the neighbourhood of P is JM 
tangential to the surface; now it has been shown that the magnetic force tangential 
to the surface at P, due to the oscillator and the assumed surface distribution, is LM 7 , 
where M 7 is the tangential magnetic force due to the oscillator alone and L has the 
value previously determined, therefore 

M - pi + LM', that is, M = 2LM'. 

Hence, at points P inside the tangent cone on the side of the surface remote from 
0, the principal part of the magnetic force tangential to the surface is 2LM', and the 
principal part of the electric force perpendicular to the surface is 2LE', where M 7 , E' 
are the principal parts of the magnetic force tangential to the surface and of the 
electric force perpendicular to the surface due to the oscillator. Similarly at points 
on the surface on the side nearest to the oscillator the principal part of the tangential 
magnetic force is 2(1 — L) M 7 , and the principal part of the electric force perpendicular 
to the surface is 2(1 — L)E'. 

The preceding analysis can be adapted to the case of a conducting screen when the 
radii of curvature of the screen are large compared with the wave-length of the 
oscillations. The same assumed distribution as above on the two surfaces of the 
screen, viz., double the electric current distribution that would produce the magnetic 
force tangential to the screen on the side on which the waves are incident and a zero 
electric current distribution on the other side, give the important part of the 
asymptotic solution of the problem. The analysis only differs from the preceding 
owing to the presence of edges, and it will be proved that the effect of the actual 
distribution at the edge differs from that due to the oscillator and the assumed 
distribution by a quantity of lower order than the corresponding component in the 
waves due to the oscillator. At an edge the radius of curvature is zero, and therefore 
the distribution in the neighbourhood of the edge is the same as if the wave-length 
were indefinitely great ; hence the electric current distribution in the immediate 
neighbourhood if the edge varies as r{~ 1! % where r x is the distance along the screen 
perpendicular to the edge, that is, the electric current distribution in the neighbour- 
hood of the edge is (kt^)" 112 multiplied by a quantity of the order of the magnetic 
force in the incident waves. The effect of this distribution in the neighbourhood of 
the edge is of the order 



*) %> 



r 






at a point P compared with the corresponding component in the waves due to the 
oscillator. Let Q be the point on the edge such that QP is at right angles to the 
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edge, and let QP make an angle 9 with the line QR through Q in the screen 
perpendicular to the edge, then 



K' = K 



lk \ " 1/a e" LKr 



2r 



r 



(kt x ) 



17 d r l\ 

i 2 



where r now denotes the distance of P from a point in the line QR ; for points near 

toQ 

r 2 = K 3 +r! 2 — 27-3 cos (9, 

where R is the distance QP, and therefore the principal part of K' is 



"V'2 p~ ll & C 0° ^r, (•«/'! COS ^ 



2, 



R 1/2 Jo r^ 2 



c£r 



i) 



that is, K 7 is a quantity of the order (kR) Vi ; hence at points which are at a distance 
from the nearest edge great compared to a wave-length the effect of the edges is 
negligible in comparison with the waves due to the oscillator. Therefore the principal 
parts of the components of the electric and magnetic forces at such points are equal 
to the principal parts of the electric and magnetic forces due to the assumed electric 
current distribution and the oscillator. 

It may be verified that this agrees with the known solution of the problem of the 
semi-infinite conducting plane. Taking the case where the electric force in the 
incident waves is parallel to the edge, let the origin be in the edge, the axis of z 
along the edge, the axis of y perpendicular to the plane of the edge, and let the 
direction of the incident waves make an angle 3^ with the conducting plane, then 
the components of the electric force in the incident waves are 



X = Y = 0, 



*Z = /> tK (^+ a:cos #i+y sni&i) 



and the components of the assumed electric current distribution on the upper face of 
the plane are 

a = 0, = 0, y = 2Y~~ l e LK{Yt+XC0Bh \ 

and on the lower face 



a = 0. 



J8 = 0, y=0. 



Hence the components of the electric force due to the assumed distribution are 



X = 0, Y = 0, Z = -(27r)" 1 t/c sin S x 



CO 



J 



, CO 



giKCW + ^cosSi-r) r -l c £g 



■CO 



where (x u 0, z x ) is any point on the screen, r is the distance of the point P (x, y, 0) 

from the point on the screen, and the integration is taken over the conducting plane. 

Now 

r 2 = (x—x^f+y i +zi = p^+Zi, 
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where 

p 2 = (x-x.f+y 2 , 
therefore 



oo 



rco 



J 



Z = -(2ttY 1 ik sin & x ^cv^cos^-p-vw/p-) r -i d Xi ^% u 



— 00 



whence the principal part of Z is given by the principal part of Z , where 

Z = -(27r)~ 1 tK sin ^ (wc/2p)- l/ « p" 1 e «<™+*i«»*i-P> ^ ; 

Jo 

now #! cos ^i— p is stationary when 

x = a?!— /o cos # 1? y = ±p sin # 1? 

the upper sign corresponds to the case where P is on the positive side of the screen 
and the lower sign to the case where P is on the negative side of the screen. When 
P is on the negative side of the screen, let the line through P parallel to the 
direction of the waves cut the screen or the plane of the screen produced at the point 
Q (£> 0> 0), then, writing x x = £+£ and R for the distance QP, 






p 2 -R 2 + 2^Rcos^ + f 
x x cos & l — p = £ cos #! — R— |f 2 sin 2 ^/R, 

and the principal part of Z is given by 



f*0C 



-(27T)- 1 (2wf)' / 'R- ,/ ' Sin ^ e-^-R + ^coB*,) e -v 2 .«iwvB rf£ 

that is, by 



r*cc 



Q~V 2 ^V*"" 1 /5 t ' c ( v * + 2003^+3/ sin £]) P" 1 /* 1 ™ 2 fill 

J —Uq 

where 

w - 2 ,/ «(XR)- 1/a f 1 sin3 1 , 

and therefore the electric force at a point on the negative side of the screen is 
given by 



— 00 



When the point P is on the positive side of the screen, the principal part of the 
electric force due to the assumed distribution is found in the same way to be 



'00 



2 _1 /2 g 1 /*™ gijc(V< + a;cos* 1 --ysin* 1 ) I g- 1 /a 7r "« 2 yJ*, 



•Wo 



where the point Q (£, 0) is the point where the line through P in the plane perpen- 
dicular to the edge making an angle w—8 l9 with the plane of the screen meets it and 
therefore the electric force at a point P on the positive side of the screen is given by 



00 



Z = g^O^ + ^cos&j+ysin^) O- 1 /? y>V*T* gucO^+zcos^-ysina,) I P~ l ^ mu2 flv 



-M n 



Z 1 z 
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When the point P is at a distance from the edge of the screen great compared with 
a wave-length these expressions are sensibly the same as those of the known accurate 
solution, as u is very large unless the line OP makes an angle which is very small 
with the line through making an angle tt + S 1 with the plane of the screen, or with 
the line through making an angle tt— & x with the plane of the screen, and in these 
cases the results are the same. 

When the magnetic force in the incident waves is parallel to the edge of the 
conducting screen 

in the incident waves, and the assumed electric current distribution on the positive 
side of the screen is given by 

a = 2e LK(Yt+xoos ^\ J8 = 0, y == 0, 

and on the negative side of the screen by 



a = 0, 



f3 = f y - 0, 



whence the components of the magnetic force due to the assumed surface distribution 
at a point P (x, y> z) are 



a = 0, = 0, 



r 



i 



co r<x> 



pi piK(Vt+x 1 coB 9 i — r) 



2tt Jo J -oo dy 



v 



(X/Jb-^y \X/%- 



Is 



and, by a similar analysis to that in the preceding case, when the point P is on the 
negative side of the screen 



y ~ __pm(Vt+xcos9 l +ysin9 i ) 2~Va p l !i 



TTl 



00 



e ~Vaff*w 2 



du, 



where 



■Mo 



u 



= 2 , /.(XE)- , /.£ lS in^ ) 



& having the same meaning as above, and therefore the resultant magnetic force on 
the negative side of the screen is given by 



p ik (Vt+ a;cos# 1 + y sin &,) o— V 2 p 1 /*™ 1 



r—?in 



J — 00 



e 



1 /„ TTI.J/2 



/2 



rrtW^ 



d!t£. 



When the point P is on the positive side of the screen the magnetic force is 
given by 



/•oo 



piK(Vt + xco8 3- l +ysin& l )tpiK(yt+xcoaB l --yBln$i) o— Va ^ 1 /4'" p— l k^ Mi pin. 



•Mn 



these results again agreeing with the known accurate solution when the point P is at 
a distance from the edge great compared with a wave-length. Again, when the 
conducting screen is an infinite plane with a slit in it of breadth 2d bounded by 
parallel edges, taking the origin in the middle line of the slit, this line being the axis 
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of 3, and the straight line in the plane of the screen perpendicular to it the axis of x, 
the same analysis shows that, when the electric force in the incident waves is parallel 
to the edges of the slit and is given by 

the electric force at a point P on the negative side of the screen is given by 






? 



where 

u = 2 V » (XE)' 1 /" (f + d) sin ^, 

^ = 2 l/ *(XK)- 1/ *(£ 1 -d)sinS 1 , 

and (£, 0) are the co-ordinates of the point Q where the straight line through P 
parallel to the direction of the incident waves cuts the plane of the screen. The 
electric force at a point P on the positive side of the screen is given by 

i 

p-W, 

y __ p ik (Vt+x cos #j +y sill ^j) p ik (Vt+x cos .9-!— y sin ^ 1 ) _i ~ ik (Vt+x cos ^ — y sin #,) O — V2 pU m 1 ^>— V2 w"* 2 /In 1 

where u , u x are the same as above and £ u are the co-ordinates of the point where 
the straight line through P in a plane perpendicular to the edges making an angle 
77— #i with the plane of the screen cuts the screen. 

When the magnetic force in the incident waves is parallel to the edges and is 
given by 

_ ik (Vt+x cos ^^y sin £j) 

y — ^ > 

the magnetic force at a point P on the negative side of the screen is given by 

y = ^(Vi + zcos^+ysinS^-Vag 1 /^ | g- l hiriiP ^ u 



-«o 



and at a point P on the positive side of the screen by 



f — K] 



V = ^ tK ( Vi+xcos ^i+y sin <9i)_i ptK (Vt+x cos & x — ysin#]) piK(Vt+x cos ^-y sin .%) O — 7a p x Um p-Vairtu 2 JL. 



-Mn 



where u , u x in each case have the same meanings as in the corresponding case in the 
preceding. The discussion of these results is similar to that given by Gilbert* for 
an absorbing screen. 

The corresponding results for a plane conducting screen in which there is any 
number of parallel slits can be written down immediately, provided the breadth of 
the portion of the screen between every two consecutive slits is great compared with 
a wave-length ; when the number of conducting strips in the breadth of a wave-length 
is large the effect of the edges becomes the most important. 

-* 'Memoires couronn^s de FAead. de Bruxelles/ t. xxxi., p. 29, 1863. 



326 PROF. H. M. MACDONALD ON THE EFFECT PRODUCED BY 

As a further example, the case of an infinite plane conducting screen with a circular 
aperture of radius a will be worked out. As above, let a straight line through the 
centre of the aperture perpendicular to the plane of the screen be the axis of y, the 
axes of x and z being in the plane of the screen, and let the incident waves be 
given by 

a = 0, = 0, y = e lK{Yt+3f \ 

the magnetic force being parallel to the plane of the screen and the direction of the 
waves perpendicular to it ; then the components of the magnetic force due to the 
distribution to be assumed over the screen are 



1 



/» 



2tj- 



/» 



3 e-"" 7 « 1 



«o = 0, /3 = ~e^ f^— d8, y,= -i-e^ f^- rfS, 



80 r 2tt 



j j 



d e 



■IKT 



dy r 



where r is the distance of the point from a point in the plane of the screen and the 
integrals are taken over the conducting part of it. Transforming to cylindrical 
co-ordinates 

r 2 = y* + p* + p 1 2 -2 P p 1 cos (&-<£), 

where the co-ordinates of the point P are (p, <\> > y) and of a point in the plane 
(pi> <£i> 0)- The principal parts of the integrals are contributed by the elements in 
the neighbourhood of the point for which r is stationary, that is, when 



</>i = <£, pi 



and then, provided p is not small, 



(* si — lKV 



e 



r 






ds= \ —pi d Pl dfa = ^ ^ 6— vrv dfr 

Ja Jo ?* \ Z J J a 



where r x 2 = y 2j t (pi + p) 2 . 

For a point on the negative side of the screen y = — cZ, and writing p x = /> + //, the 

principal part of the integral ^"^V" 1 cZS is given by 



OP 



(2ir) v ' (lk P )~^ e -«-- W/<* rf-v, ( p + p ')V, ^ 



a— p 



that is, provided /c/> 2 is great compared with d, by 



6~ 1/27rmS du, 



where u = 2 y *(kd) 1/s (a— p). 

Hence, at a point P on the negative side of screen, the principal parts of the 
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components of the magnetic force due to the assumed distribution are 

a = 0, 

R = ( wc )- 1 2-V / * ,ri e M ' (v ' +y) ~- e'V^du, 

dz ' 



% 



QO 



y = _2~ v V / ""e" t(V < + - ,/) e- lhmu °du, 



Uc 



and therefore the principal parts of the components of the magnetic force at the point 
P are 

a = 0, £ = 0, y = 2" v *e ,/ '" t e ,, ' (T ' +1 ' ) e~ lUmxei du, 






go 



for /J is of order (kc?) 1/2 compared with the magnetic force in the incident Waves. 
When p is small compared with a, 



GO p2lT 

a JO 



(•CO p27T 

a Jo 



e~' lKr r~ 1 p 1 d Pl dfc = cZ" 1 g-^c^-* cos (*,-*> -v*^'/* /0i ^ ^ 



that is, the principal part only being retained, 



co 



e-"r _1 cfiS = 2iTd- 1 e lK!/ e- 1 !""* /d J {tcpp^d) p t d Pl , 



a 

or 



e—V -1 rfS = 2tt (ik) -1 e^^irt^e"* e- 1/ "*" t/d JJKpp 1 (d) p, dp,. 

Jo 

Therefore, when /> is small, the principal parts of the components of the magnetic 
force at a point near the axis of y on the negative side of the screen are given by 

a = 0, 



'a 



£ = Kzp-hl"^ 1 ^ e-v.^% ( K/0/0l /d) pi » dpi, 







Jo 

As an example illustrating the phenomenon of the bright spot, the case of a 
conducting circular disc of radius a with a Hertzian oscillator on the axis will be 
treated. Let the axis of the disc be the axis of z, the origin being at the oscillator 
and the equation of the plane of the disc z = z ; the components of the magnetic 
force due to the oscillator are 

where £ 77, £ are the co-ordinates of any point and 
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and the components of the electric current distribution to be assumed on the lower 
side of the disc are 



a = — 



2k 3 e"< v '-'*i> 
V"3f 



r, 



0=- 



2#c 3 e" (V *" rj) 
V 3t? rj 



y = 0, 



where £ 07, z are now the co-ordinates of a point on the disc. Therefore the 
components of the magnetic force at a point x, y> z due to this distribution are 



a = 



k ([ a 1 a 1 



27rV J J 3s r 3£r x 



6 



IK 



(V^-rWq 



£ 



r 



# 



2ttVJ 



3 1 3 1 



dz r drj r x 



- <3 



lJC (V«- ri -r) ./a 



= 0, 



wher 



e 



writing 



r 2 = (a-.£ ) 2 + (y-17) 2 + (2-20) 2 , 
x ~ p cos <£, y ~ p sin <£, € = pi cos <jf> l5 V — pi sin <£ 



the resultant magnetic force due to the distribution is 



/3 cos <jf> — a sin <£ 



6AC 2 3 ra r27r 



2ttV 



3z 



1 5 



j 



sin (f + <£) -£f- e^ vt ~ r '- r) d Pl dfa, 



where 



r 2 = (^-%) 2 +p 2 +pi'-2p Pl cos (<£i-<£), n 2 = -o 2 + pi 2 . 



Now ?\ + r is stationary when 

$1 = <£> (/ 5 ""/ J i)/ r = Pi/ r i> 

and, writing R, Rj for the corresponding values of r, r x and sin 3- == pi/r l5 the principal 
value of the magnetic force is given by 



LK LK 



72 



2ttV\2 



3* 



•«-pj 



- tt' 1 * sin 2<£ f e «<«-».-H> p-^'BT'R- 1 '' e- 1 ^^*^^-^ dp'. 



J — 



P] 



When a— p! is not small, the principal value of the above expression is 

k 3 e«< v *- R i- K > 

=^ 7: ^r q^r — ' sin Z0 "tan. fj - , 

V 3z Ri + Ii r 

that is, when the point x, y % z is on the upper side of the disc 

— -==- sin $ sin 2d> —^ — =r— > 
V T R x + R 



which is the value, with the opposite sign, of the resultant magnetic force due to the 
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oscillator, and therefore at these points the principal part of the magnetic force 
vanishes. When a— p x is small, the principal value of the magnetic force due to the 
assumed distribution is 



V 



•Mo 



2-v. e l/ ^ ~ ^ — =— sin 2<A tan A l e-v.«* dw, 



where 



^0 = 



X VE*! E/_ 



l / 2 



(a— p x ) cos 5^, 



Pi being the distance from the axis of the point where the line OP cuts the plane of 
the disc; whence, if the point P(x 9 y 9 z) is on the upper side of the disc, the above 
has the value 

- ~ sin & sin 2<f> ?-= — =- 2~ 1/s e 1 '*" e^ 3 ™ 3 dw, 

V Jll>i "T" -tw J — oo 

and therefore the resultant magnetic force at the point P is 



^ sin A sin 26 ^— — =— 2" 1/2 e 1 ^ 
V r Ej+E J 



00 



M 



In the immediately preceding investigation it has been assumed that p is not 
small ; when p is small and z > z , 



and 



r x = 2 + 2-p x /2 , 



/3 cos<j&— a sin<£ 

2ttV3^ 



•2tt 




sin^ + ^piVj^V"^^^"-^^ 1608 ^- 



■0)3^-^o)-V2Pi 2 1 i/*b+V(*-*, 



o) } rfpx C^, 



that is 

/3 G08(f} — a 8111(f) 
LK 



.2 g f a 



27rV3^ 



f 2m sin 2^e»{ v '-*- l /.Pi-[^o+iA-^} ^ (s-^)- V s Ji {k PPi /(z-z )} dp u 



or 



£cos<£-asin</> = ^6«^->sin2^^ - 2 («-« )- 1 re-v.«p.»cv*o + U^a)]j l ^ Wi ^_^} pi 3 d 



This quantity tends to zero with p, but increases rapidly as p increases from zero, 
thus the resultant magnetic and electric forces at a point on the axis have the same 
principal values as if there were no disc, and diminish rapidly in the neighbourhood of 
the axis. Similar results hold for any surface of revolution or for *a cylindrical 
obstacle with a line source parallel to its axis. 
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A Perfectly Absorbing Obstacle. 

When the obstacle is perfectly absorbing, the conditions to be satisfied at its surface 
are that the electric and magnetic forces in the incident waves are annihilated there. 
This requires an electric current distribution on the surface which will produce the 
magnetic force tangential to the surface of the obstacle in the incident waves and a 
magnetic current distribution on the surface which will produce the electric force 
tangential to the surface of the obstacle in the incident waves. As in the former case, 
it is sufficient to discuss the case of a Hertzian oscillator at a point outside the 
obstacle. Taking the origin of co-ordinates at the oscillator and the axis of z 
coincident with the axis of the oscillator, the components of the electric and magnetic 
forces at a point £, 77, £ due to the oscillator are given by 



where 



a' == ^1 e^-^/n, P = - ^ 1 e-^-Vn, / = 0, 

n 2 = r+V+f, 



and therefore the components of the electric current and magnetic current distri- 
butions to be assumed on the portion of the surface of the obstacle on which waves 
are incident are given by 

(my'—nft), (nct'—ly'), (Ifi'—ma!) ; 

(mZ'-nY'), (nX'-lZ'), (ZY'-mX') ; 

where I, m, n are the direction cosines of the normal to the surface, these are 
equivalent to 

- l A^' ,(T, -"»/r 1 J V, - LK^e^-^/r^Y , lk 2 (li+m v ) e u,(V '- r > ) /r 1 a V ; 

iK 2 (lr)£,-m£g)e^ vt ~ r '>ln- 



2 



where only the principal parts have been retained ; writing 
these become 

- iK 3 {m (Xx a + /x x 2 ) + n m } e^ Yt ~^/r u t/c 2 { ni^ + Z(X a 2 + /x x 2 ) } e^ % ' r ^r u 

lk 2 (Z/xi-mXi) ^ e^-^/n. 
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The components of the electric force at the point x, y, z due to this distribution are 
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retaining only the principal parts and writing 



(x-g)fr = x 3 , (y-y)/r = /i fl , (z-£)/ r = ^, 



these are equivalent to 
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The principal parts of these integrals are contributed by the elements in the 
neighbourhood of the points for which r x ~{-r is stationary, and, as in the case of the 
conducting obstacle, there are the two cases when the point Q, for which r + r x is 
stationary, is on the straight line OP and when the lines OQ, QP make equal angles 
with the normal to the surface at Q. In the first case, the point P is on the side of 
the obstacle remote from the oscillator and at the point Q 



X 2 — X 1; 
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and the principal parts of the components of the electric force due to the distribution 

Oil t? 
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where OP = E 1? QP = R, and da- is the projection of an element of the surface on a 
plane perpendicular to OP. 

The integral involved in these expressions has been already evaluated and gives 
when the point Q is not near to the curve of contact of the tangent cone from O to 
the surface of the obstacle 



Y 



i K \ l x l e^ vt ~ Tl ^/(R 1 + W), 



Z = ck 2 (V + tf) e «(«-H,-Ky( Ri + R ) . 



that is 
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and therefore at points inside the boundary of the geometrical shadow and not close 
to it the principal part of the electric force vanishes and consequently the principal 
part of the magnetic force vanishes. In the second case when OQ, QP made equal 
angles with the normal at Q the coefficients 

— i/ 2 (X 1 + X 2 ) (/X 1 + m/i 1 + 7&i> 1 ) + nX 2 (X 1 X 2 +/x 1 jUL 2 + ^ 1 ^ 2 )"~nX 1 + (//x 1 --mX 1 ) (^vi—pm), 
— v 2 (jutx + /x 2 ) (l\x + mp x + nvi) + ujjl 2 (X X X 2 + /x!/x 2 + vp^—n^ + (lfi x —m\i) (v 2 \j — ^1X2), 
{ X 2 (Xx + X a ) + tt 2 (/x-i + ft 2 ) } (ZXi + m^ + ^i) + nv 2 (X X X 2 + /^ + 1^) - n^ 

vanish at Q and therefore the principal parts of X, Y, Z vanish at P, provided the 
point Q is not near to the curve of contact of the tangent cone. These results might 
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have been obtained by observing that when the limits of the integral can be taken 
infinite the effect is the same as if the surface on which this distribution of electric 
and magnetic currents is placed surrounded the source and therefore at a point inside 
this surface the effect of the distribution is zero and at a point outside it equal and 
opposite to that of the source. 

When the point P is inside the boundary of the geometrical shadow and so near to 
it that the limits of integration cannot be taken to be infinite the values of X, Y, Z 
as in the case of the conducting surface are given by 

X=-(l-L)X', Y=-(1-L)Y', Z=-(1-L)Z', 
where 



L = 2~V A7ri 

and 

u = « 



CO 



Wn 



*(-L + >UV 



UVOM PM, 

where the letters have the same signification as in the case of the conducting surface. 

Hence, at points inside the boundary of the geometrical shadow, the components of 

the electric force are 

LX', LY', LZ', 

where X', Y', 71 are the components of the electric force at the point due to the 
oscillator when there is no obstacle, and the components of the magnetic force are 

La', L/3', Ly', 

where a 7 , /3', y f are the components of the magnetic force due to the oscillator. In 
this case these values of the components of the magnetic and electric forces are valid 
up to the boundary of the obstacle, therefore the principal parts of the components of 
the magnetic and electric forces at a point P inside the boundary of the geometrical 
shadow are the same whether the obstacle is perfectly conducting or perfectly 
absorbing, provided the point P is at a distance from the surface of the obstacle 
measured along OP of a higher order than p (k/>)~ 1/3 , where p is the radius of curvature 
of the section of the surface through the tangent in the plane of incidence, and the 
value of the principal part of the magnetic force tangential to the surface of the 
obstacle at a point on it inside the boundary of the geometrical shadow when the 
obstacle is perfectly conducting is double the value it has when the obstacle is 
perfectly absorbing ; the value of the principal part of the component of the electric 
force normal to the surface of the obstacle at a point inside the boundary of the 
geometrical shadow when the obstacle is perfectly conducting is also double the value 
it has when the obstacle is perfectly absorbing. 

When the point P is near to the boundary of the geometrical shadow and outside 
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it the principal parts of the components of the electric and magnetic forces at the 
point P are 

T ~\7~ t T X7*/ "T f~7t T f T /*i/ T / 

JuJv. , JL X , XJLA , JLlCt , -Lip , i-iV 5 

where 



00 



L = 2~ y *e 1/ * m e- l/ * vafi du 9 
and ?i has the same meaning as above. 

An Imperfectly Conducting Obstacle. 

When the obstacle is an imperfectly conducting body the conditions to be satisfied 
at the surface of the obstacle are that the components of the electric and magnetic 
forces tangential to the surface are continuous. The electric and magnetic current 
distributions to be placed on the surface to effect this can be obtained from the 
following considerations. At a point on the surface of the obstacle not near to the 
point where the axis of the oscillator meets it the incident waves may be treated as if 
they were plane waves ; let Mi and M 2 be the components of the magnetic force in 
the incident waves tangential to the surface, M x being in the plane of incidence and 
M 2 perpendicular to it, and let E x and E 2 be the components of the electric force in 
the incident waves tangential to the surface, E x being in the plane of incidence and 
E 2 perpendicular to it, then, if <f) is the acute angle between the direction of the 
incident waves and the normal to the surface at a point Q on it, writing 

e = (*'+ lk cos <f))f(K f —iK cos <ji>), e r = (V cos <jf> -f uc)/(V cos (J) — lk),^ 

where 

K f2 = k 2 sin 2 (f> + 47TLK V/tr, 

and cr is the specific resistance of the obstacle, the electric current distribution to be 
placed on the surface has components 

M 2 (IW), M^l+c), 
and the magnetic current distribution to be placed on the surface has components 

E 2 (l-e), E^l-V). 

The effect of this distribution can be immediately obtained from the previous 
calculations by superposing the two distributions 

2M 2 €', 2M 1 £, 
and the two distributions 

M 2 (1-€ , ) J E 1 (l-€'); M x (l-c), E a (l-c); 
the first two involve the same calculation as in the case of the perfectly conducting 

* The general value of * is (47rY/o-+ k sec </>)/(4ttV/o- - k sec <£), which has the approximate value in the 
text when the wave-length A of the oscillations is great compared with cr/V. 
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obstacle, and the second two involve the same calculation as in the case of the 
perfectly absorbing obstacle, hence, at points inside the tangent cone from the 
oscillator to the surface of the obstacle, the principal parts of the components of the 
electric and magnetic forces vanish when the point is not near to the boundary of the 
geometrical shadow, at a point P outside the boundary of the geometrical shadow 
and not near to it, the principal parts of the components of the electric and magnetic 
forces in the reflected waves at P are given by multiplying the components due to 
2M 2 at Q in the case of perfect reflection by e' and the components due to 2M X at Q 
by e, where OQ, QP make equal angles with the normal at Q to the surface. When 
the point P is inside the tangent cone and near to the boundary of the geometrical 
shadow, the distribution 2M 2 e' gives the corresponding components multiplied of 
— (1— L)e' and the distribution M 2 (l — e'), Ex (I— e') the corresponding components 
multiplied by — (1 — L) (1— e'), that is these two distributions give the corresponding 
components multiplied by — (1 — L) and the other two distributions give the corre- 
sponding components multiplied by — (1— L) ; therefore the principal parts of the 
components of the electric and magnetic forces at the point P due to the oscillator 
and to the assumed distribution on the surface are 

LX', LY', LZ', La', L/3', L/, 

where X', Y', Z', a', /3', y' are the principal parts of the components of the electric 
and magnetic forces due to the oscillator at the point P and L has the value defined 
above. It may be verified as in the case of the perfect conductor that the boundary 
conditions at points on the surface of the obstacle not near to the curve of contact of 
the tangent cone from the oscillator are satisfied by this assumed distribution on the 
surface. It also follows from the investigation for the case of the perfectly conducting 
obstacle that the principal parts of the components of the electric and magnetic forces 
at a point P inside the boundary of the geometrical shadow are given by 

LX', LY', LZ', La', L/3', Ly', 

provided P is at a distance from the surface of the obstacle which is of an order 
higher than p (k/o)~ 1/s and the perpendicular distance of OP from the point II on the 
curve of contact of the tangent cone from O to the surface is of the same or higher 
order than p (/cp)~ 2/3 , where p is the radius of curvature of the normal section of the 
surface through OR. The principal parts of the components of the electric and 
magnetic forces at points on the surface of the obstacle near the curve of contact but 
at a distance along the surface from it of higher order than p (kp)~ 1/s can be determined 
as follows. Let M' 1? M' 2 be the principal parts of the components of the magnetic 
force due to the oscillator tangential to the surface at the point P on it inside the 
boundary of the geometrical shadow, M\ being in the plane containing OP and the 
normal to the surface at P, and M' 2 perpendicular to this plane. Further, let Mj, 
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be the principal parts of the components of the actual magnetic force at P iii these 

directions, then P being at a distance along the surface from the curve of contact of 

higher order than p (Kp)" 1 ^, the principal part of the component of the magnetic force 

in the plane of OP and the normal to the surface at P which is due to the oscillator 

and the actual distribution on the part of the surface inside the tangent cone from O 

and nearest to is LM'i, and the principal part of the corresponding component of 

the magnetic force due to the local distribution at P is eM^l-f-e), where 

c = (k' + ik cos <J))I(k'— lk cos <£), and <f> 5s the acute angle between the normal at P 

and OP. 

Therefore 

M x = €M 1 /(l + €)+LM , 1J 

uiiatj is 

M 1 = (1 + € 1 )LM / 1 . 

Similarly 

M a = (l + c , )LM' 2 , 

where 

e' = (*' cos <f) + LK )f( K ' cos <f> — LK )> 

and the principal parts of the components of the electric force at P can be similarly 
obtained. When k is small compared with 47rV/<x, k' is approximately given by 
K f = #c x (1 + t), where k x = (27r«:V/cr) 1/2 , the modulus of 1 + e, is greater than 2, and the 
modulus of 1 +c' is greater than 2 provided cos <f> is greater than./c/2K- 1 ; therefore at a 
point P on the part of the surface next the oscillator the amplitude of the tangential 
magnetic force is greater than in the case of a perfectly conducting obstacle, and at a 
point on the part of the surface of the obstacle remote from the oscillator the tan- 
gential magnetic force is greater than in the case of a perfectly conducting obstacle, 
provided cos <£ is greater than k/2k x . The same results hold for the components of the 
electric force normal to the surface of the obstacle. 

It appears from the foregoing investigations that at a point P inside the boundary 
of the geometrical shadow r formed by any opaque obstacle the principal parts of the 
components of the electric and magnetic forces are 

LX', LY' 5 LZ', La', Lp 9 L/> 

where X', Y', Z', a', /?', y f are the principal parts of the components ot the electric 
and magnetic forces at the point P due to the oscillator, when the point P is at a 
distance measured along OP from the surface of the obstacle of a higher order than 
p{K.p)"\ that when the obstacle is perfectly absorbing the principal parts of the 
components of the electric and magnetic forces at a point P on the surface of the 
obstacle inside the boundary of the geometrical shadow have the above values, that 
when the obstacle is perfectly conducting the ratio of the electric force normal to the 
surface at the point P on it to the electric force normal to the surface of a perfectly 
absorbing obstacle occupying the same space at the same point on it is 2, and that 
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when the obstacle is imperfectly conducting this ratio is greater than 2, # but 
decreases as the distance along the surface of the point P from the edge of the 
shadow increases when the magnetic force in the incident waves is perpendicular to 
the plane of incidence. 

The same methods as have been applied in the foregoing can be used to solve the 
problem of the case of a transparent obstacle ; it is convenient in this case to treat 
separately the components of the electric and magnetic forces tangential to the 
surface in and perpendicular to the plane of incidence. 

[October 17. — The investigation given above of the effect of a perfectly absorbing obstacle assumes that 
the electric and magnetic forces on the surface change abruptly at the curve of contact of the tangent 
cone from the point to the surface. When the creeping effect at the edge is taken into account, the 
quantity L gives the ratio of the forces at a point P inside the geometrical shadow to the forces at that 
point due to the oscillator alone, only if the point P is subject to the same restrictions as in the case of 
the perfectly conducting obstacle, that the distance of the point P along OP from the surface of the 
obstacle is of higher order than p (kp)~ 1/3 , and that OM is of higher order than p {Kp)~ l k. The theorem, 
that the electric force normal to the surface of the obstacle at a point on it when the obstacle is perfectly 
conducting has double the value it has when the obstacle is perfectly absorbing, can be established 
generally as follows : Let E and M be the electric and magnetic forces in the incident waves tangential 
to the surface of the obstacle at a point on it. If the surface is perfectly conducting there is an electric 
current distribution 2Mo> on it and a zero magnetic current distribution, and if the obstacle is incapable 
of supporting magnetic force there is a zero electric current distribution on it and a magnetic current 
distribution 2E&/ ; the superposition of these two distributions gives the solution for the case when the 
obstacle is perfectly absorbing and the electric and magnetic forces in the incident waves tangential to the 
surface at a point on it are 2E, 2M. Hence the electric current distribution on the surface of the 
obstacle when it is perfectly absorbing is Mw, and when it is perfectly conducting 2Mw, the electric and 
magnetic forces in the incident waves tangential to the surface being E, M ; and therefore the magnetic 
force tangential to the surface and the electric force normal to the surface of the obstacle when it is 
perfectly conducting have each double the value they have when the obstacle is perfectly absorbing. 
Similar reasoning applies to the case of the imperfectly conducting obstacle, the ratio in this case being 
1 + e for the component of magnetic force tangential to the surface in the plane of incidence and 1 + e for 
the component perpendicular to the plane of incidence.] 



* For the case of waves of the wave-lengths used in wireless telegraphy, the conducting body being the 
sea, the value of this ratio at a distance of 150 miles is not greater than 2*06 and decreases as the distance 
increases. 
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